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Abstract: Dris conjectured in [4] that the inequality qk < n always holds, if N = qkn2 is an odd
perfect number given in Eulerian form. In this note, we show that either of the two conditions
n < qk or σ(q)/n < σ(n)/q holds. This is achieved by first proving that σ(q)/n 6= σ(n)/qk,
where σ(x) is the sum of the divisors of x. Using this analysis, we show that the condition
q < n < qk holds in four out of a total of six cases. By utilizing a separate analysis, we show
that the condition n < q < n
√
3 holds in four out of a total of five cases. We conclude with some
open problems related to Sorli’s conjecture that k = 1.
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1 Introduction
Let N = qkn2 be an odd perfect number given in Eulerian form (i.e., q is prime with q ≡ k ≡ 1
(mod 4) and gcd(q, n) = 1).
Therefore, q 6= n. It follows that either q < n or n < q.
Dris [3] proved that n < q implies Sorli’s conjecture that k = 1 [6]. By the contrapositive,
k > 1 implies that q < n.
Acquaah and Konyagin [1] showed that all the prime factors r of N satisfy r < (3N)1/3. In
particular, if k = 1, then
q < (3N)1/3 =⇒ q3 < 3N = 3qn2 =⇒ q < n
√
3.
Therefore, regardless of the status of Sorli’s conjecture, we know that
q < n
√
3
must be true.
Notice that, if Acquaah and Konyagin’s estimate for the Euler prime q (under the assumption
k = 1) could be improved to q < (2N)1/3, then it would follow that q < n
√
2, and this would
hold unconditionally.
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Let σ(x) be the sum of the divisors of the positive integer x. Let
I(x) = σ(x)/x
be the abundancy index of x.
2 Main Results
Here, we examine this problem.
Determine the correct ordering for the following quantities:
σ(q)
n
,
σ(n)
qk
,
σ(qk)
n
,
σ(n)
q
Recall the following results:
1 < I(qn) =
σ(q)
n
· σ(n)
q
≤ I(qkn) = σ(q
k)
n
· σ(n)
qk
< 2,
and
n < qk =⇒ {k = 1⇐⇒ n < q}.
In general, since 1 < qkn is deficient (being a proper factor of the perfect numberN = qkn2),
then we have
σ(qk)
n
6= σ(n)
qk
.
In a similar vein,
σ(q)
n
6= σ(n)
q
.
Note that the following implications are true:
σ(q)
n
<
σ(n)
q
=⇒ q < n
√
2,
and
σ(n)
q
<
σ(q)
n
=⇒ n < q.
We want to show that
σ(q)
n
6= σ(n)
qk
.
Suppose to the contrary that
σ(q)
n
=
σ(n)
qk
.
Since gcd(q, n) = 1 and q is prime, we have:
σ(q)
n
=
σ(n)
qk
∈ N.
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This means that
1 ≤ σ(q)
n
=
σ(n)
qk
.
But since σ(q) = q + 1 is even while n is odd, we then have:
2 ≤ σ(q)
n
=
σ(n)
qk
.
From the inequality
2 ≤ σ(q)
n
we get
2 · σ(n)
q
≤ σ(q)
n
· σ(n)
q
= I(qn) < 2
from which we obtain
σ(n)
q
< 1.
But then we finally have
σ(n)
q
< 1 < 2 ≤ σ(q)
n
=
σ(n)
qk
≤ σ(n)
q
,
which is a contradiction.
Consequently, we obtain:
σ(q)
n
6= σ(n)
qk
.
We now consider two separate cases:
Case 1:
σ(q)
n
<
σ(n)
qk
Since k ≥ 1, this implies that
σ(q)
n
<
σ(n)
qk
≤ σ(n)
q
.
Consequently, under Case 1, we have the condition:
σ(q)
n
<
σ(n)
q
.
From a previous remark, we know that this implies q < n
√
2.
Case 2:
σ(n)
qk
<
σ(q)
n
Again, since k ≥ 1, this implies that
σ(n)
qk
<
σ(q)
n
≤ σ(q
k)
n
.
This implies that, under Case 2, we have the condition:
σ(n)
qk
<
σ(qk)
n
.
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But recall that we have the following inequality [3]:
σ(qk)
qk
= I(qk) <
3
√
2 < I(n) =
σ(n)
n
.
Together, the last two inequalities imply that:
n < qk.
This implies that the biconditional k = 1⇐⇒ n < q is true.
Now, suppose that
σ(n)
q
=
σ(qk)
n
.
Again, since gcd(q, n) = 1 and q is prime, we have
σ(n)
q
=
σ(qk)
n
∈ N.
It follows that
1 ≤ σ(n)
q
=
σ(qk)
n
.
But
n 6= σ(qk) ≡ k + 1 ≡ 2 (mod 4),
since k ≡ 1 (mod 4), while n is odd.
Therefore,
2 ≤ σ(n)
q
=
σ(qk)
n
.
We claim that
σ(n)
q
=
σ(qk)
n
=⇒ k > 1.
Assume that
σ(n)
q
=
σ(qk)
n
.
Since gcd(q, n) = 1 and q is prime, we have
σ(n)
q
=
σ(qk)
n
∈ N.
Consequently, we obtain (as before)
2 ≤ σ(n)
q
=
σ(qk)
n
(since σ(qk) 6= n).
From the inequality
2 ≤ σ(n)
q
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we get
2 · σ(q)
n
≤ σ(q)
n
· σ(n)
q
= I(qn) < 2
from which we obtain
σ(q)
n
< 1.
This last inequality implies that q < n.
Now, from the inequality I(qk) < 3
√
2 < I(n) (see [3]), we get:
σ(qk)
σ(n)
<
qk
n
.
Note that from the following inequality:
2 ≤ σ(q
k)
n
we get
σ(n) < 2n ≤ σ(qk)
from which we obtain
1 <
σ(qk)
σ(n)
<
qk
n
.
Thereupon, we get n < qk, which as we’ve noted before, implies that the biconditional
k = 1⇐⇒ n < q
is true.
But we have already obtained q < n. Therefore, we know that k > 1.
A shorter way to prove the implication
σ(n)
q
=
σ(qk)
n
=⇒ k > 1
would be to note that, in general, the condition
σ(n)
q
6= σ(q)
n
is true. In particular,
σ(qk)
n
=
σ(n)
q
6= σ(q)
n
from which it follows that
σ(qk)
n
6= σ(q)
n
.
It follows from the last inequation that k 6= 1. Since we know that k ≥ 1, it follows that k > 1.
We now summarize the results we have obtained so far:
σ(q)
n
6= σ(n)
qk
.
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The following inequations are trivial:
σ(qk)
n
6= σ(n)
qk
σ(q)
n
6= σ(n)
q
.
Also, note that
σ(q)
n
≤ σ(q
k)
n
and
σ(n)
qk
≤ σ(n)
q
.
3 Synopsis
We now list all the possible orderings for:
{
σ(q)
n
,
σ(n)
qk
,
σ(qk)
n
,
σ(n)
q
}
A:
σ(q)
n
≤ σ(q
k)
n
<
σ(n)
qk
≤ σ(n)
q
B:
σ(q)
n
<
σ(n)
qk
<
σ(qk)
n
≤ σ(n)
q
C:
σ(q)
n
<
σ(n)
qk
<
σ(n)
q
<
σ(qk)
n
D:
σ(n)
qk
<
σ(q)
n
<
σ(n)
q
≤ σ(q
k)
n
E:
σ(n)
qk
<
σ(q)
n
<
σ(qk)
n
<
σ(n)
q
F:
σ(n)
qk
=
σ(n)
q
<
σ(q)
n
=
σ(qk)
n
Note that, under cases B, C, D, E and F, we have the inequality
σ(n)
qk
<
σ(qk)
n
which implies that n < qk.
Furthermore, note that, under cases A, B, C, D and E, we have the condition
σ(q)
n
<
σ(n)
q
.
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Lastly, notice that, under cases B, C, D and E, we actually have the inequalities
q < n < qk
since k > 1 in each of these cases.
For another case-to-case analysis, we first prove the following claim:
Claim: Either σ(q)/n <
√
2 or σ(n)/q <
√
2.
Since σ(q)/n 6= σ(n)/q and I(qn) = (σ(q)/n) · (σ(n)/q) < 2, by symmetry, it suffices to
consider the case:
σ(q)/n < σ(n)/q.
Suppose to the contrary that
√
2 < σ(q)/n < σ(n)/q.
This leads to
2 < (σ(q)/n) · (σ(n)/q) = I(qn) < 2,
which is a contradiction. (The case σ(n)/q < σ(q)/n is treated similarly.) This establishes the
claim.
Now, there are four cases to consider:
Case I: σ(q)/n <
√
2 < σ(n)/q
There are two further subcases here:
Sub-Case I-1: σ(q)/n < 1 <
√
2 < σ(n)/q
Under this subcase, q < n.
Sub-Case I-2: 1 < σ(q)/n <
√
2 < σ(n)/q < 2
Under this subcase, n < q < n
√
2.
Case II: σ(n)/q <
√
2 < σ(q)/n <
√
3 + 10−375
Under this case, n < q < n
√
3.
Case III: 1 < σ(q)/n < σ(n)/q <
√
2
Under this case, n < q < n
√
2.
Case IV: 1 < σ(n)/q < σ(q)/n <
√
2
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Under this case, n < q < n
√
2.
It therefore remains to improve the upper bound for q under Case II.
4 Some Additional Improvements
Let N = qkn2 be an odd perfect number given in Eulerian form.
We want to show that
σ(n)
q
6= σ(q
k)
n
.
Suppose to the contrary that
σ(n)
q
=
σ(qk)
n
.
Note that this is only possible in Cases B and D above. Under these cases, we have q < n < qk.
In particular, k > 1.
This implies that
nσ(n) = qσ(qk)
which further means that q | σ(n) and n | σ(qk) (since gcd(q, n) = 1). Consequently,
σ(n)
q
=
σ(qk)
n
= x ∈ N.
If the immediately preceding equation is true, then
(
xn = σ(qk)
) ∧ (σ(n) = xq) =⇒ σ
(
1
x
σ(qk)
)
= xq.
There are no solutions to this last equation for k > 1 and k ≡ 1 (mod 4), for particular values of
x. We have σ(X) ≥ X , where the inequality is strict for X > 1; hence
σ
(
1
x
σ(qk)
)
≥ 1
x
σ(qk) ≥ 1
x
qk,
so we would need
qk−1 ≤ x2.
But for k > 1 and k ≡ 1 (mod 4), we have k ≥ 5, so that
qk−1 ≥ q4 ≥ 54,
since q is prime with q ≡ 1 (mod 4). Hence the original system of equations will only have a
solution when
x2 ≥ 54 =⇒ x ≥ 25.
Consequently, we obtain
25 ≤ σ(q
k)
n
=
σ(n)
q
.
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Multiplying both sides of the inequality and equation by σ(n)/qk, we get
25 · σ(n)
qk
≤ σ(n)
q
· σ(n)
qk
=
σ(qk)
n
· σ(n)
qk
= I(qkn) < 2.
Multiplying both sides of the inequality and equation by σ(q)/n, we get
25 · σ(q)
n
≤ σ(q)
n
· σ(q
k)
n
=
σ(q)
n
· σ(n)
q
= I(qn) < 2.
Therefore, we have σ(n)/qk < 2/25 and σ(q)/n < 2/25, from which it follows that
σ(n)
qk
<
2
25
< 25 ≤ σ(q
k)
n
and
σ(q)
n
<
2
25
< 25 ≤ σ(n)
q
.
(This section is currently a work in progress.)
5 Open Problems
In the paper [5], a heuristic motivating the pursuit of a proof for the conjectures of Sorli (k = 1)
and Dris (qk < n) is presented. In particular, it seems fruitful to try to establish the following
prediction:
Conjecture A:
k = 1 =⇒ q < n
Since k > 1 =⇒ q < n is true, the truth of this conjecture would imply q < n.
Note that the truth of Conjecture A together with Sorli’s conjecture will imply Dris’s conjec-
ture.
In a recent preprint, Brown [2] claims a proof for ConjectureA. Brown also shows that qk < n
holds “in many cases”.
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